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Abstract

A theoretical investigation of diffraction in a rectangular
t x [ crystal for nonsymmetrical coplanar scattering has
been undertaken. The asymmetry in the scattering
geometry, measured by an angle y, causes different
weights for the mixed Laue-Bragg contributions to the
integrated power. Primary extinction and ordinary
absorption are only moderately affected when the value
of the geometrical parameter ¢ = (¢//)tanf,, <1, 6,,
being the Bragg angle. For increasing values of ¢ and y
the surface integration set-up for the Laue and Bragg
regions is extensively changed, leading to pronounced
effects. Analytical results for the normal absorption
factor are presented.

1. Introduction

In a series of papers, we have addressed the topic of
dynamical two-beam diffraction in finite perfect crystals.
Both cylindrical and spherical (Thorkildsen & Larsen,
1998a,b) and parallelepipedal crystals (Thorkildsen &
Larsen, 1998¢) have been considered. For the latter case,
hereafter denoted TL98c, a symmetrical scattering
situation was adopted. In the present treatment, we seek
to extend the formalism to comprise nonsymmetrical
scattering conditions.

The principal mathematical approach, the boundary-
value Green-function technique for solving the Takagi—
Taupin equations (Takagi, 1962, 1969; Taupin, 1964), has
been thoroughly outlined in the previous papers. This
work gives the changes in the region geometry, the
Green functions and the integration set-up caused by
the diffraction asymmetry. The effect of the asymmetry
on primary extinction and absorption is outlined. We
only consider a coplanar scattering situation, i.e. the
surface normals are parallel to the diffraction plane.

Standard treatment of nonsymmetrical diffraction in
semi-infinite crystal plates, based on the fundamental
theory of diffraction, is for instance found in chapter 4 in
the book of Pinsker (1978). An extensive treatment on
the subject, with particular emphasis on integrated
reflectivity in the Bragg case, is due to Wilkins (1978,
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1981). The surface integration approach that we use
allows us to handle in principle any ¢ X / cross section
and corresponding allowed asymmetry. We have to point
out, however, that the effects arising from specular
reflections in the extreme asymmetrical limits are not
covered by the present analysis. For an exact treatment
in such a situation, the standard dynamical theory is to
be modified (Afanasev & Melkonyan, 1983; Hung &
Chang, 1989; Holy, 1996).

2. Theory
2.1. General

In TL98c, it is shown that the generalized extinction
factor, y, and the normal absorption factor, A, for
symmetrical scattering in a perfect ¢ x / crystal can be
expressed byf

y=020 > [ dy [

S m=m/({;8) M(¢;m,S) S(y,¢;m,S)
X |Gy(A,, Aylm; rs)|2 exp[—uo(A, + A1 (1)

and

A=120 ¥ [ &y [ dx
S m=my(£;8) M(¢:m,S) S(y,¢:m,s)
x exp[—p1o(A, + Ay)]- (2)

These results are derived from the Takagi-Taupin
equations (Takagi, 1962, 1969; Taupin, 1964):

abn/aso = iKohbh (3)
alm)h/ash = iKhO[)o (4)

using the point-source concept (Becker, 1977) and the
Riemann-Green method (Sommerfeld, 1949). The
entrance and exit surfaces are classified according to the
crystal faces (A, B, C, D) and s labels the different
combinations of positions for source (S) and exit (M)
points. m covers the actual regionsi at the exit for the

T In this work, we will not address anomalous scattering.
i In the case of normal absorption, this means only those regions that
have a zeroth-order term (= 1) in the field expansion.
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2 NONSYMMETRICAL X-RAY DIFFRACTION

Table 1. Dimensionless coordinates for a point M on an exit surface relative to a source point S

Surfaces A,

A-A (By/B-)x

A-D (}3+/ﬁ_)x +2B,6_y
B-A 288,y —(8,./8_)x
B-D 28, —(8,/8 )x

Bragg and Laue families (r), cf. Figs. 1-4. A, and A, are
the coordinates of the exit point relative to the source
measured in a local coordinate system (s, s,,) with origin
at S. The surface integrations are performed using sets
of convenient variables (x, y). The geometrical quantity
¢ is defined by

¢ =(t/l)tan0,, )

where 6, is the Bragg angle. Furthermore, p, = uf with
w the linear absorption coefficient. £ is the characteristic
length parameter //(2sin6,,). The coupling strength,
K,,» is proportional to the Fourier expansion coefficient
of the dielectric susceptibilty, «,, = —wKx,_,C. The
families of functions {ik,,G,(s,,s,|m;r)} are the
boundary-value Green functions, i.e. the solution of the
Takagi-Taupin equations for the diffracted field using
the boundary condition#

D,(S) = &(s;)- (6)

The above concept is readily generalized to the case of
nonsymmetrical scattering, which is parametrized using
the asymmetry angle y, cf. §2.2 and Fig. 1.

We have to search for:

(i) The Green functions: G,(s,,, s,|y).

(a) As a series:

<M%mw=§vwﬁw%mn

This approach focuses on the events of scattering—
rescattering. It gives analytical results for the normal
absorption factor and for the coefficients in a series for
the extinction factor. The series found are slowly
convergent, and the computational labour to obtain
higher-order terms soon increases beyond practical
limits. The expansion parameter u is defined by
u = K,,k,, 0> and its absolute value§ u| = (£/A,,)*, with
A, = 1/(Ik,,k;,1)""* being an extinction length.

(b) In closed forms: these are obtained by applying
the results of Uragami (1971). It then becomes possible
to perform extensive numerical calculations.

(ii) The integration structure:

fdyfdx.

M(y) S(y)

+ All symbols have their standard interpretation.

f & denotes the Dirac delta function.

§ u is in general a complex quantity owing to the effect of resonance
scattering. That aspect is however not explored in this paper, cf. TL98c.

A, c

X _

¥ _

. 25, x —2B_5,/,)y

X 20, x+28_y —2(8,/B)¢

In this work, we stress the changes owing to the
introduction of the asymmetry angle y compared with
the formalism covered in TL98c.

2.2. Geometry

The deviation from a symmetrical scattering condi-
tion is measured by the angle y as shown in Fig. 1. Since
we keep A and B as the entrance surfaces, the angle y
must satisfy the conditions

if0<6, <m/4 then —6,<y<6, (7)
ifn/4<0,<n/2 then 0,—n/2<y<n/2-0,.
®)

In Fig. 2, we have shown the coordinate systems used in
this calculation. The relations between the coordinates
are explored in Appendix A.

In the subsequent treatment, we will use the defini-
tionsY

B =sin0,,/sin(6,, + ) )
8, =cosb,,/cos(B,, = V). (10)

The following relations exist between these quantities:

,3+/5+ +B_/6_= 2ﬁ+:3— (11)
8,/ +8 /B =255 (12)

All lengths will be measured in the characteristic length
£. Thus the area of the rectangular diffraction plane
becomes t/ = 2¢¢*sin20,,.

The Bragg and Laue families of regions are shown in
Figs. 3 and 4. The expressions for A, A, and
¢ =2r/(S)/l in the chosen coordinate representations,
cf. Appendix A, are summarized in Table 1. Some of the
more technical details that are introduced simplify the
construction of Mathematicatt algorithms used for the
calculations. The relations given cover the case of posi-
tive values of y. The change to negative values of this
parameter can be accomplished by an interchange of the
= indices.

¢ Compared with the notation of Authier (1996), we have
By/B_ =1vul/v, in reflection geometry and 6,/6_ =y,/y, in
transmission geometry, y, = cos(m,s,) and y, = cos(n,s,) with n
being the inward drawn normal vector to the actual crystal surface.
1+ Mathematica is the trademark of Wolfram Research Inc.,
Champaign, IL 61820-7237, USA.
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Table 2. Defining integral operators for the Bragg family,

r=B,p=0,1,...
Region L L,
So J Sh /
m=2p+1 130, 95 206 IS
So / Sh /
m=2p+2 Py, 95 6_/pos,-26_ I

2.3. Field solutions

2.3.1. Series expansion. The series-expansion coeffi-
cients for the boundary-value Green functions are given
by a set of coupled recurrence relations, cf. equations
(22) and (23) of TL98c. The integral operators £,, and
L,, will depend on the degree of asymmetry and are
given in Tables 2 and 3. Using the boundary conditions
introduced in TL98c, it is straightforward to implement
this procedure in Mathematica to calculate the coeffi-
cients {GE,")} to any practical order.

23.2. Closed forms. The boundary-value Green
functions in each region can be expressed by recurrence
relations too, one for the Laue family, another one for
the Bragg family. The two sets of recurrence relations
are identical to those of the symmetrical case and are
given in equations (24)—(28) of TL98c.

The following definitions of functions apply to the
nonsymmetrical case:

G(,, 54115 L) = Jo[2(us,s,)'"*] (13)
G(S,, 54113 B) = Jo[2(us,s,)' "1+ (B / B_)(S1/5,)
x J,[2(us,s;)""*] (14)

w(s,, s,16p +2; L)
=(-1y [ﬁ_+ si—(2p+ c);‘}T+1
B_s,+@2p+c)B,
X J2p+2(2{”[50 +@2p+o)B s, —2p+ C),B—]}l/z)
(15)

Fig. 1. Crystal dimensions and surface labels. Entrance surfaces are A
and B, exit surfaces A and D. The angle between s, and s, is 26,,,.
The asymmetry angle y is measured with respect to the inward
normal to the B surface. The figure shows the case of positive y.

w(s,,s,16p +3; L)
_ (_1)p+1{ﬁ_so —[2p +2)—clB, }f’
Bis, +[2p+2)—clp_
x I, [2(ufs, — [(2p +2) — c]B,)

x {5, +12p +2) — c1B_)"]

(16)

w(s,, 5,16p + 5; L)
— (_1)P+1 |:ﬂ_+5h —(2p+ Z)ﬂ—]pH
B_s, +(2p+2)B,
X Do (2{uls, + 2p +2)B,1ls, — 2p +2)B_1}'?)
(17)

[s) (0.r(S)) r,

(r:(5),0)

Sy

/ (t,7(M))

)

Fig. 2. Coordinate systems used. (r,, r;) with origin at the corner O are
global coordinates, while (s,, s,) with origin at the actual source
point, S, on the A or B surface are local coordinates.

0.0 | S
s I | (2B..0)
"B/ B IS s ) \ s,
(5.50)
R | S (s,, (B./PB.)s,- 2B.)
(2. 20) s
(4B, . 2B)
T
v

Fig. 3. Region structure when the source S is located on the surface A.
All coordinates are measured in the characteristic length £.
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Table 3. Defining integral operators for the Laue family, r =L, p=0,1, ...

Region p Lo, L,
m=3p+1 Odd S5 - 95, 5 -4 45
Even Ji.p s, o ds)
m=3p—+2 Odd f(;gﬁ,)sh—ﬁ-v ds, -/\/;i(p+l) ds,
Even 618308 456 5 ro 9%
m=3p+3 Odd fé:(p+l) ds, (};17/ﬁ+)&<,7,3,(2—c) ds),
Fven Ji o0 S 180600 B
S .
W(SO, Sh|6p + 67 L)
_ ptl
0.5 (b2e).0 [l Gron]
pd ~— Brsit @ +2B
5 " X Ty (2tuls, — @p +2)8,1lsy + @p +2)B1)'")
(2B,.B.c) (18)
(B.(2c),2B) w(s,, sy12p +1; B) .
p
=(=1y |::3_+Sh - 2P16:|
B_s, + 2P,B+
2B, B2 L(4c), 2B,
(2B, , B.(2+c)) (B (4-c), 2B.) XJ2p+2(2{u(Sa +2P,3+)(Sh —2p,3_)}1/2)
s, —2 ?
((B./B.)si-B.c. s,) + (_1)P |:'3_+ h plB—]
’ (4B.. B(2+c)) B_s, +2pB.
x Ty (2Auls, +20B,)(s, — 2B} ) (19)
(B.(4-c),4B) | (s, (B/B.)s,-B.(2c))
W(So’ Sh|2p + 2; B)
1
48, B _ (Cqypri[fos—@p BT
B (B0, 48) Bsnt @p 1 2B.
X o2 (2luls, — @p +2)B.1ls, + 2p +2)_1}'?)

Fig. 4. Region structure when the source S is located on the surface B.
All coordinates are measured in the characteristic length £. This
implies that ¢ = 2r (S)/L.

-15 -10 -5 5 10 15

Fig. 5. Different sections in ¢ as a function of y. The figure is drawn with
26, = 40°.

_ +1 :B;So - (2p + 2)ﬂ+:|p
T [m ot ot 2B

X Ty (2(uls, — 2p + 2B, Jlsy + 2 + DB
(20)

2.4. Integration structure

In Appendix B, we have summarized in detail the
relations that are used to deduce the actual structure for
the surface integrations. The integration set-up is not
exactly equivalent to the symmetrical case. As before,
the integration limits depend on the value of ¢, and we
specify ‘coarse’ intervals in ¢ by the integer ¢ in this case
defined by

q =Int[¢/(B, /8, + B_/5)]. eay

It is also necessary to specify subsections within each g
interval. These sections are linked to the value of the
parameter 1, n € (0, B, /8, + B_/5_), defined by
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Table 4. Relations between exit and entrance surface integration; A—A scattering, regionm =2p+1,p =0,1, ...

¢=(/Dtanb,,

(P(B1/8,) +p(B_/8.), (p + DB /8) + (p + 1)(B_/8.))
((p+D(B./8,)+ (p+1)(B_/5_), )

n=<¢—q(By /8, +B_/5).

Using o for labelling, we arrive at the following scheme:f

= O<
0=0 =T 25,5

1
o=1 _17<ﬂ—+

26,6 5,

By B
= — << e
0o=2 5, _77<8_

1
S_ 5, 6. 28,6_

— <n< .
L8 28,8 5, '8

8

An example of the division of a given range in ¢ as a
function of the asymmetry angle y is shown in Fig. 5.
Since the B and § parameters depend on 6,,, the Bragg
angle becomes a parameter for these kinds of plots. The
section limits are closely linked to the surface integra-
tion structure. The buildup of contributions to the
diffracted fields at the exit surfaces is shown in Figs. 6-8.
It is too comprehensive to list the actual integration
setup for every scattering mode. A full account is given
by Thorkildsen & Larsen (1997). In Tables 4 and 5, we
have however included the general results for A-A
scattering and the results for B-D scattering for the
special case g = 0, 0 = 0, 1. These results are important
for a discussion regarding the limits of Laue and Bragg
scattering for semi-infinite crystal plates. The two inte-
gration schemes, 0 =0 and o = 1, for B-D scattering
give the same result. This is a general feature indepen-
dent of the value of g. It also applies to the sections
o=3and o =4.

The extended ‘volume’ that is used to check the
integration setup is shown in Fig. 9. It has the value

Vv =2¢(1+ ¢/4B.B_)sin26,,. (22)

3. Results

In general, the effect of the asymmetry is to reduce both
the value of the extinction factor and the absorption
factor, owing to an increase in the mean path lengths of
the beams through the crystal. The size of the effect

1 This scheme applies to the case y > 0, then 8, /8, < B_/5_.

I y X

1 (2pB..¢/B-) (2pB_. (B_/B.)y)
2a (2pB..2(p + 1)B,) (2pB_. (B_/B.)y)
2b @2p+1B,.2/8.) (2pB_.2(p+1)B)

increases with ¢. All results are invariant with respect to

a change in the sign of y, ¢f. Wilkins (1981).

3.1. Series expansion of the primary extinction factor
The primary extinction factor is expressed by

o0

y[’ = yp(gv 90}17 y|é:) = g(_l)nfn(§7 90}17 ,}/)é;n (23)
with expansion parameter
§=(1/24,c050,,)’. (24)

The contributions to the kinematical term, f, =1, as
functions of ¢ are given in Table 6 and are shown in Fig.
10 in the case of 26, = 40°. There is a change in the
relative weight of the four different scattering terms.
Generally, the mixed Bragg-Laue scattering terms
become more important with increasing y. Furthermore,
we find that

0P =0 (=),

which is obvious owing to symmetry reasons.
The first-order coefficients, here given for the case of
y >0, are

G, [2p+1;B] G,3p+2.L]
&=0
0=0,1,2
Y q=0
0=34
X+Y
X+2Y . g=1
2X+2Y
2X+43Y b q=2
3X+3Y
3X44Y . LTS S q=3
4X+4Y
4X45Y : — - : g=4
SX+5Y ] e I

p=0 1 2 3 4 5 012 345678910

Fig. 6. Contributions to the field at the exit surface A. X = 8,/6,,
Y=p_/5.y=>0.
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Table 5. Relations between exit and entrance surface integration

B-D scattering, region m = 1, sections ¢ = 0, 0 = 0, 1. In these cases, the surface integration consists of three terms: 1a, 16 and 1c (o = 1).

¢=(t/l)tanb,, 1 y X
0,1/26,5_) la 0,(5../B,8_)¢) (28_t —2(B,82/8,)y,25_¢)
1b (8./B48-)¢, (1/8_) = (¢/B.)) (0,25_¢)
le (1/8_) = (&/B-),(1/52)) 0,28_(1—6_y))
(1/28,8_, B, /5.) 2a 0,1/5_ —¢/B) 25_¢ —2(B,82/8,)y, 28_¢)
2b §1/57 — /B, (8,/B48.)E) 28_¢ —2(B,8%/8,)y,28_(1 —8_y))
2¢ (8+/}3+37){, 1/37) 0,28_(1 — ny))
4 1
30:0.(1-38,8.9) G.Bp+LLl  GBps2il]l G, [3p+3iLl
when 0 < ¢ < B,/68, (=0 | ;
[2—(B./8)(1/QF =242 —(3_/B)T z
hi= 6(1/B.8_ —1)¢ . « -
when B, /6, << B_/5_ o2 g=0
%,34-/3—(1 _%,34-/3—{)/;3 Y
when ¢ > B_/56_ X+Y-Z =
(25) X+Y i
The coefficients f, for n = 1, 2, 3 are shown as functions X+Y+Z
of ¢ in Fig. 11 for the two cases y = 0° and |y| = 15°. Itis
found that an asymptotic expression occurs for the XY »
coefficient f, when . *
2X+2Y-Z
G, I2p+13B] G, 2p+2:B) o
§=0 o=0
z 3XH2Y
o=1 q=2
X 2X+43Y
2 40 3X+3Y-Z
Y
0=3 :
X+Y-Z 3X43Y :
o=4 I
X+Y H H H
X+Y+Z p=0123456 p=0123456 p=0123456
Fig. 8. Contributions to the field at the exit surface D from sources on
2X+Y the surface B. X =8,/8,,Y=8_/5_,Z=1/25,6_,y >0.
q=1
X+42Y
2X+2Y-Z
2X+2Y
2X+2Y+Z
3X+2Y
q:
2X+3Y
3X+3Y-Z
3X+3Y

p=0 1 2 3 p=0 1 2

Fig. 7. Contributions to the field at the exit surface D from sources on
the surface A. X =8,/8,,Y=B_/6_,Z=1/(25,5_), y > 0.

Fig. 9. Extended volume, v/, in the case of nonsymmetrical scattering.
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Table 6. Analytical expressions for the contributions to f, from the various scattering modes in different sections of ¢,
y=0

Scattering < B, /o, By/b, <C<B_/5_

A-A (1748, B )¢ (1/4B,B-)¢

B-A (8_/4P28,)¢ (6_/4B8,)¢

A-D (8, /4B8)¢ 1—(B,/26,)(1/5) — (1/4B, B_)¢

B-D 18,8 —1/4,B)¢ (B/28,)(1/5) — (8_/4B28,)¢
q=n/2, o=0 n an even number
g=m—1)/2, o0=3 n an odd number

When absorption is included, i.e. calculating the gener-
alized extinction factor

y= ;}(—D“fn(; Oons Hos V)E",

we find that the asymptotic level of f, is reached for

g=n+1, o0=0.

Then, by increasing ¢, no contributions to that particular
scattering order is added to the diffracted field at the
exit.

Examination of the contribution to the expansion
coefficients from A-A scattering in the limit ¢ — 00
gives the series for the primary extinction in the Bragg
limit for a semi-infinite crystal:

ypzl—%ég-i-%fé—% S+

= tanh(£;)"* /(&) (26)

with
£y = 4B, B_E/T = (I/A,,) [sin(8,;, + y)sin(8,, — Y] "
7)

In the same manner, examination of the B—D scattering
terms in the limit ¢ — 0 gives the Laue limit for the
primary extinction in a semi-infinite crystal:f

Yo=1—36 +58 —mbi+
= [/ 1 T 261) ]

= 1F2(%§ 1:%; —%L) (28)
with
£, =48,8_& = (t/A,,) [cos(8,;, + y) cos(6,, — )]
(29)

3.2. Normal absorption factor

Analytical expressions for the absorption factor
are obtained by using equation (2). Different ex-

t J denotes a Bessel function, F a generalized hypergeometric
function.

B[S <C=<B./5 +B_/5_
(1748, B)¢

c=B./8, +B_/5_

1-B.p.(1/0)
1= (B_/28_)(1/5) = (1/4B,B_)¢ (B4/28,)(1/8)
1—=(B,/286,)(1/0) — (1/4B, B_)¢ (B_/25_)(1/%)
—L+ B B-(1/) + (1/4B,B)% 0

pressions apply to the ¢ ranges: 0<¢<p,/d,,

B/, <¢<PB_JS_,B /6 _<¢=<pB./8,+p_/5_ and
¢ > B./6, + B_/é_. They are included in Appendix C.

fo

0.8 B-D
0.6
0.4

A-D,B-A
0.2

(a)

fo
08
0.6
04

02

fo

0.8 1\ B-D
0.6

0.4 B~-A

0.2

(©)

Fig. 10. Buildup of the kinematical level from the various scattering
modes. (a) y=0° (b) y=5° (c) y=—15°. 20,, =40°. The
reference curves in (a) are independent of 26, ,. The B—A and A-D
curves are interchanged when y changes sign.
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In Fig. 12, we have shown the range of values for the
normal absorption factor obtained by varying y,
|yl € (0,20°). In the figure, 20, = 40° and the absorp-
tion factor is plotted against ¢ for the cases
Ko = {0.1,0.5}. Three y profiles are shown for p, = 0.5

1 2 3 4 5 ¢

Fig. 11. Extinction coefficients f, f,, f; as functions of ¢. 26,, = 40°.
Solid lines: |y| = 15°. Dashed lines give the reference at y = 0°.

Z
1 2 3 4 5

Fig. 12. Range of values for the normal absorption factor. 26,, = 40°
and |y| € (0,20°). (a) uy =0.1, (b) py = 0.5.

A
e
0.5
0.4 (b)
0.3
02 )
0.1
-20 -10 10 20

Fig. 13. Variation of the normal absorption factor with y. 26,, = 40°,
o =0.5.(a) ¢ =1,(b) £ =2, () ¢ = 5.

in Fig. 13. We observe that the effect of varying y is
almost negligible when ¢ <1 and p, < 0.1.

The normal absorption factor in the Laue limit, A,
for a semi-infinite crystal, is obtained from the B-D
scattering contribution I = 1b, region m = 1, in the limit
¢ — 0, cf. Table 5:

_ exp(—28, po¢) — exp(—=238_py8)
t 2(8— - 5+):U“0§ .

(30)

Similarly, the Bragg limit, A, results from an analysis of
the A-A scattering contribution to absorption in the
limit { — oo. This corresponds to the term I = 2a of
Table 4 withm =1 (p = 0).

(a)

®)

.=
5 Aa
()

Fig. 14. Range of values for the primary extinction factor as a function
of t/A,,. (a) t/1=025 (b) t/l=1, (¢c) t/l=4. 26, =30
Iyl € (0,15°).
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4. = Loexp[=2(B, + B )]
? 2B+ + B

These results are in agreement with those given by
Maslen (1995).

(1)

3.3. Numerical results for the primary and generalized
extinction factor

In Fig. 14, we show the range of primary extinction
factors spanned by varying the asymmetry angle
|yl € (0,15°). In the figures 26,, = 30° and the extinc-
tion factor is plotted against /A, for the
cases t/l ={0.25,1,4}). The results are obtained by
performing the surface integrations numerically using
the closed expressions for the boundary-value Green
functions. We observe that the effect of increasing |y|
becomes more pronounced for larger values of ¢/I. Fig.
15 gives the actual y profiles for the three cases when
t/A,, =2.

In Fig. 16, we have shown a result for the generalized
extinction factor when normal absorption is included in
the calculation. Here ¢/ = 4, 26,, = 40°, u, = 0.2 and
¥l € (0,20).

4. Conclusions

The case of nonsymmetrical scattering in a rectangular
t x [ crystal adds no topological changes to the Laue and
Bragg region geometry and can be dealt with using the
same approach as for the symmetrical case. The addi-
tional degree of freedom added to the problem is
primarily a geometrical one leading to a more complex
integration set-up.

The effect of the asymmetry on both extinction and
absorption increases with the values of ¢ and y since the
geometrical changes of the surface integrations then
become more pronounced.

Combining the approach using series expansions with
numerical calculations based on the work of Uragami

Yo
/ﬁi \(l])
0.5
0.4

o
03
(©)

-15 -10 -5 5 10 15

Fig. 15. Variation of the primary extinction factor with y. 26, = 30°,
t/A,, =2.(a)t/l =4, (b)t/l =1, (c) t/] = 0.25.

(1971) extends the range of applicability of the method.
In the limit of a semi-infinite crystal plate, the results
from fundamental dynamical theory are reproduced
(Zachariasen, 1945).

A number of details had to be omitted in this
presentation, they are fully covered in a report on two-
beam diffraction in perfect crystals (Thorkildsen &
Larsen, 1997), which is available from the authors on
request.

APPENDIX A

Here we explore some geometrical aspects. To simplify
the reading, we have not scaled the geometrical quan-
tities to the characteristic length £.

Al. Coordinate systems

With the origin of the local coordinate system on the
entrance surface A, the relation between the local
(s,,s,) and the global (r,, r;) coordinates for a general
point within the crystal is given by

sin(6,, — ¥) cos(0,, — ¥)
o= [y = (S + 2
sin 260,;, sin 26, (32)
_sin(6,, + ) [y — ro(S)] — cos(6,, + ) .
"7 sin29, "% ° sin20,,

With the origin of the local coordinate system on the
entrance surface B, the relation between the local and
global coordinates for a general point is given by

, SO =) 05Oy =),

= —n(S

° sin26,, ° sin 26, n =) (33)
5, = Sin(eoh + J/) _ Cos(enh + J/) [r —r (S)]

"7 sin2g, ° sin26,, b

Y
g

! t

1 2 3 4 5 e

Fig. 16. Range of values for the generalized extinction factor as a
function of t/A,,, t/l=4, 20, =40°, u, =02, |y| < (0,20°).
Upper limit corresponds to y = 0°, lower limit to |y| = 20°. Since
the crystal has a nonvanishing size, the limit ¢/ A, — 0 corresponds
to A, — oo.

oh
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Table 7. Coordinates for a point M on an exit surface in relation to a source point S

Surfaces A

A-A [sin(6,, — ¥)/sin 26,][r, (M) — r,(S)]

Ay
[sin(0,, 4 ¥)/5in 20,,][r, (M) — r,(S)]

sin(6,, — 7) cos(0,, — ¥) sin(0,, + ¥) cos(6,4 +¥)
A-D L -~ o e (M —— —| =M
[ s(ig 20,, )][I o+ [(9 sin 29)0h ]"( ) [ s(ig 20, )}[ oS [(9 sin 29)0,, }rl( )
sin(f,, — ¥ cosOpp — ¥ sin(6,, + ¥ cos(O,, + ¥
B-A —_— M) — | ———— S _— M _— S
[ . s(ig 20,, )]’”( ) ([9 sin 2)60,1 }r‘( ) [ _ s(ig 20,, )}’”( ) +([0 sin 2)9,,,1 ]"( )
SO, — ¥ cosWop — ¥ sin(0,;, +y cos(O,, + ¥
B-D M) — - M) —
[ sin26,, ]’ + [ sin26,, ][("( )= nl [ sin26,, } [ sin26,, }[r‘( )= nS
Table 8. Change of variables — definitions
Surfaces Entrance Exit
A-A ro(S) = ry(M) — 28, cos 6, x ro(M) =2B_cos,,y
A-D ro(S) =t — (B,/8,)ry(M)/tan6,,] — 2B, cos 6, x r(M) =28_sin6,,y
B-A r(S) =26, sinb,, x — (8, /6_)r,(M)tan@,, ro(M) =2B_cosb,,y
B-D r(S) =28, sinb,, x + /(M) — (8, /B, )ttan6,, ri (M) =25_sinb,, y

Table 9. Coordinate limits for the different regions in the crystal with source point S on entrance surface A,

Limits in s,

2pB_(1/25in6,,). 2(p + 1)B_(I/25in6,,)

p=01, ...
Region Limits in s,
m=2p+1 2pB.(1/2sin6,,), 2(p + 1)B,(I/25sin6,,))
m=2p+2 2(p +1)B,(1/25in6,,). 2(p +2)B, (1/25in6,,))

2pB_(1/2sinb,,), 2(p + 1)B_(1/2sinb,,)

Table 10. Coordinate limits for the different regions in the crystal with source point S on entrance surface B,

Limits in s,

B_((p — 1)(I/25sinb,,) + [r,(S)/sinb,,], (p + 1)(I/2 sin 60,1))
B_(p(l/2sin6,,), p(l/2sin6,,) + [r,(S)/sin6,,])

B_((p + 1)(U/2sinb,,), (p + 1)(I/2sin8,,) + [r,(S)/sin6,,])
B_(p(1/25in6,,) + [r,(S)/sin6,,], (p +2)(I/2sin6,,))
B_((p — 1)(U/2sinb,,) + [r,(S)/sin6,,], (p + 1)(1/2s1n6,,))

p=201 ...
Region P Limits in s,
m=3p+1 0Odd B, ((p+1)I/2sin6,,) —[r(S)/sin6,,], (p +1)(I/2sin 90,,))
Even B, (p(l/2siné6,,), (p +2)(//2sinb,,) — [r,(S)/sin Goh])
m=3p+2 0dd B, ((p+1)I/2sin6,,) — [,(S)/sinb,,], (p + 1)(/2sin6,,))
Even B, (p(l/2siné6,,), (p +2)(//2sinb,,) — [r,(S)/sin 6(,,,])
m=3p+3 0dd B, ((p+D(U/2sinb,,). (p +3)(1/25in6,,) — [r,(S)/sin6,,]
Even B, ((p +2)(/2sinb,,) — [r,(S)/sinb,,], (p +2)(I/25sin6b,,)

A2. Coordinates for an exit point M

It is convenient to represent an exit point M in the
(rg»r;) coordinate system. On exit surface A,
ro(M) € (0,1) and r;(M) = 0, while, on exit surface D,
ro(M) = t and r;(M) € (0, /). The coordinates for an exit
point with respect to the appropriate source point, i.e.
A, and A, are given in Table 7.

A3. Definition of new variables

The surface integrations are simplified by introducing
a set of variables, (x, y), with somewhat different defi-
nitions according to the actual combination of entrance
and exit surfaces. The definitions are given in Table 8.

APPENDIX B
Deducing the integration structure

The coordinate limits for a general point, expressed in
(s,, s5,), for a given region, m, with source point on A and

B_(p(t/25in6,,), p(l/25in6,,) + [r,(S)/sin 6,])

B, respectively, are given in Tables 9 and 10. Combining
these restrictions with the expressions for A, and A, in
Table 7 gives the sets of inequalities listed in Tables
11-14. In addition, the coordinates of the exit points,
expressed in (ry, r;), must satisfy the conditions:
ry € (0,¢) and r; € (0,/). The integration structure, i.e.
the range of possible positions for the source S giving
rise to a diffracted field at the exit point M within the
region m, together with the range of the possible posi-
tions for M, are deduced from these inequalities.

APPENDIX C
Expressions for the normal absorption factor

The normal absorption factors for y > 0 in the four
actual ¢ intervals are given here. There is an apparent
asymmetry in the =+ indices for the range
BL/d,. <t < B_/é_,ie foro =2 Thisisconnectedtoa
change in the integration setup for this section owing to
the interchange of B8, /8, and B_/5_ when y changes
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Table 11. Restriction on coordinates for entrance and exit points, A—A scattering

0<r(S)<tand 0 <ry(M) <t
Region
m=2p+1

= 2(p + 1)(B,B_1/tanb,,) < ry(S) < ry(M)

—2p(B,B_l/tanb,,)

Table 12. Restriction on coordinates for entrance and exit points, A—D scattering

0<ry(S)<tand 0 <r(M)<lL.

Region Inequalities
m=2p+1

[ (ﬂ+/a+)[rl (M)/tan Goh]
m=2p+2

t—(B4/8,)r(M)/tan6,,] —

t+(B_/8)[n(M)/tan6,,] —2(p + 1)(B, B_L/tanb,,) < ro(S) < 1+ (B_/3_)[r,(M)/tan6,,] —2p(B,B_I/tanb,,)
2p + D(B4B-1/tanb,,) < ry(S) <
t+(B_/8 )n(M)/tan6,,] — 2(p + 2)(B, B_I/tanb,,) < ro(S) <t +(B_/3_)[r(M)/tan6,,] —2(p + 1)(B, B_I/tan¥,;,)

2p(B,B_1/tanb,,)

1= (B /8)[n(M)/tan6,,] —2(p + 1)(B, B_/tanb,,) < ro(S) < t — (B, /8,)[r,(M)/tan6,,] —2p(B,B_I/tanb,,)

(i) B,/8, <¢<B_/s_:

sign. However,
A(=lyD = A(yD.

() ¢=<B, /o

D
N 28 (ﬂ+ +/3—)

Lh 1
2/378+(ﬁ+ +B) 1
B_ 1
4

2B,8_(B, + B_) o

1
TS exp[—28, (]

+ ﬁ exp[—28_py¢]
1

2,3 (6, =61y
Lo

2,8, — 6 ) g

P
TEG, o)

e
.3—(5+ - 8—)
8+
2ﬂ+(5 —8.)
L S
2/9 6, —8) K
BB

1 1
_Wm{l_eXp[_(er

oo (55
Juc]) o

Bié_ 1
(:3++.3 )(5 ) )Mo
B4, 1
(B, + BB, — 8 )Mo
8,6_ 1

(5 —5)%

as pointed out in the main text,

eXp[ —26_ 8]
1

—exp[—268, pyt]
gexp[—28, pog]
g exp[—26_ 8]
1

eXp[ 28, gl

1
eXp[ 26_ ¢l

1
o[-

A=

(o
28y (:3+ +8)

+

+

1
TG -

B S
B8, —5)

1
+—F—¢
2B_(8, —8_) 1o

B 1
286, (B4 + B_) 1o

po 1
2B.6_(By + B-) 1o

exp[—28_ (]

g exp[—28_ 8]

1

C2B.(5. — 8 1
5_

eXp[ 28_po¢]
xp[—28_ <]

1
—eXp[ 2B i)

T 28,5
_ii{ e[
Gprml 6 T
e ST i (s
T A6, — o m P T\E T
S L
Bt 0, — w75, T
ol ()]
(64 —8.)" ko P B B- Ho
P Y
28,8 (8, — 8_) g

X exp|:—2u0 <§—+ 6y =8+ 5§>i|

8 1

+

+ - r @
2B.,(8, —8_) 1o

X exp|:—2u0 <'§+ (6, —8_)+ 8§>i|>

S
B
S
B

11

el

(35)
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Table 13. Restriction on coordinates for entrance and exit points, B-A scattering

0<r(S)<land 0 <ry(M) <t

Region P
m=73p+2 Odd
Even

(i) B_/8_ << B[S, +B_/s_:

Inequalities

BiB_1p + DI =2, (S)] < ry(M) tan 6, — (B_/3_)r(S) < B, B_(p + 1)!
BB (p+ DI < ry(M)tan6,, + (B, /8,)r,(S) < B, B_[(p + DI+ 2r,(S)]
B B_pl < ry(M)tanb,, — (B_/8_)r(S) < B, B_[(p +2)l — 2r,(5)]
BiB_Ipl +2r,(S)] < ro(M) tan6,, + (B,/8.)r,(S) < (B, 8-)(p +2)!

(iv) ¢ =B, /6, +B_/d_:

1 1 1 B 1
A= — | —5——— A= -
2t ((m VRN 2, <2ﬂ5+(ﬂ+ B ) ko
+ ﬂJr l + ’8* i
288, (B + B-) 1o 2B.8_(By + B) 1o
oo A U
28,8 (B, +B) o 28,8, PPt
1 1 1
_ TN M—Oexp[—2,3,uo] — 263, M—Oexp[—2,3_,u0]
1
- 28,5 ;OeXp[_zﬂ+Mo] + m({l —exp[—2(B, + B l}
_&LF_ |:_<i L) ]} 42/34“3— -2
B+ B o x|~ 3, +g Jmt * B, + ﬁ_)eXP[ (By + B )il
Bio_ Lol (L L PP L 2, + }
T+ BB, — 5 kg exp[ (m " ﬁ)“ ‘4 B+ pyre P
o Bs. v T (11 o b L el 2B, +
B, + B6, — 5 ) exp[ (m * ﬂ)“ ‘4 26, + o, g PP 4 B
I I | 1 1 1 1 )
G = = —_ -2 . 37
o ey R R e
1
2/3—§+(5+ —8_) i _
X exp| =2 <IB_ (6 —68)+ 8+§)
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